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Abstract
Lagrangian of the Einstein’s special relativity with universal parameter c (SRc) is invariant under
Poincare´ transformation which preserves Lorentz metric ηµν . The SRc has been extended to be
one which is invariant under de Sitter transformation that preserves so called Beltrami metric
Bµν . There are two universal parameters c and R in this Special Relativity (denote it as SRcR).
The Lagrangian-Hamiltonian formulism of SRcR is formulated in this paper. The canonic energy,
canonic momenta, and 10 Noether charges corresponding to the space-time’s de Sitter symmetry
are derived. The canonical quantization of the mechanics for SRcR-free particle is performed. The
physics related to it is discussed.
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I. INTRODUCTION
Einstein’s Special Relativity is the cornerstone of physics. The theory indicates the space-
time metric is ηµν = diag{+,−,−,−}. The most general transformation to preserve metric
ηµν is Poincare´ group (or inhomogeneous Lorentz group ISO(1, 3)). It is well known that
the Poincare´ group is the limit of the de Sitter group with sphere radius R → ∞. Thus
a natural question arisen from this fact is whether there exists or not another type of de
Sitter transformation with R → finite which also leads to a special relativity theory. In
1970’s, K.H.Look (Qi-Keng Lu) and his collaborators have pursued this question and got
positive answer[1][2]. In the recent years, some interesting studies on Lu’s theory in [3][4]
are stimulated by the recent observations which show that there should be a positive cos-
mological constant[5][6]. In [3][4], the length parameter R in Lu’s theory has been identified
as
√
3/Λ where Λ is the cosmological constant. In this present paper, we try to study and
to reexamine Lu’s theory in Lagrangian-Hamiltonian formalism. Lu’s theory will be called
as the de-Sitter Invariant Special Relativity hereafter.
Inertial motion law for free particles is the foundation of mechanics. This law states that
in the inertial reference frames the free particle (i.e., without any force acting on it) will
move along straight line and with constant coordinate velocities. The Newtonian mechanics
is the first mechanical theory built on this foundation and without any universal parameters.
The Lagrangian for free particle is:
LNewton =
1
2
m0v
2, (1)
where m0 is the mass of the particle, v = x˙ is the velocity and v
2 = v2. We may regard it as
a parameter-free realization of the inertial motion law. The second mechanic theory realizing
this inertial motion law is the Einstein’s Special Relativity with one universal parameter c
(the velocity of light). Denoting it as SRc, the Lagrangian of free particle is (e.g., see, [7]):
Lc = −m0cds
dt
= −m0c
√
ηµνdxµdxν
dt
= −m0c2
√
1 +
ηij x˙ix˙j
c2
= −m0c2
√
1− v
2
c2
, (2)
where Lorentz metric ηµν = diag{+,−,−,−}, dxµ = {d(ct), dx1, dx2, dx3} and i, j = 1, 2, 3.
By means of the Lagrange-Hamilton mechanics formulation, the particle’s momentum and
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Hamiltonian read
pi =
∂Lc
∂x˙i
=
−m0x˙jηij√
1− v2
c2
, (3)
H = pix˙
i − Lc = c
√
−ηijpipj +m20c2. (4)
It is easy to check that when c→∞ the Special Relativity back to the Newtonian mechanics,
i.e.,
Lc|c→∞ = LNewton + constant. (5)
An interesting and challenging question is whether a mechanical realization of the inertial
motion law with two universal parameters can be formulated or not. Surprisingly, the answer
to it is confirmative, and actually such a theory has already existed in literature even though
it is still less known so far. About thirty five years ago, K.H.Look (Qi-Keng Lu) found out
that the velocity of motion of the free particle along the geodesic line in the de Sitter(dS)-
space with Beltrami metric is constant, and the geodesic is straight line[1] [2]. This theory
is just the de Sitter invariant special relativity mentioned above. In Lu’s theory, there are
two universal parameters: the light velocity c and the de Sitter sphere radius R (or original
notation λ = 1/R2 used in [1] and [2]). The coordinate-transformation to preserve the
Beltrami metric has also been derived in [1] [2]. This means that the realization of the
inertial motion law with two universal parameters has been formulated. The theory will be
shortly denoted as SRcR due to the existence of two universal parameters c and R in the
theory. In this present paper, we try to provide a Lagrangian-Hamiltonian formulation to
illustrate the free-particle mechanics in the de-Sitter invariant special relativity.
It is well known that the Lagrangian-Hamiltonian formulation in the mechanics the-
ory provides a sound foundation to discuss the particle’s motion, to deduce the particle’s
canonical (or conjugate) momenta and the canonical energy (or Hamiltonian), to derive
the Noether’s charges corresponding to the symmetries, and to over the classical mechanics
for constructing the quantum mechanics, and so on. In the previous works on SRcR[1–4],
the free-particle-motion in the space-time with Beltrami metric was discussed by means of
solving the geodesic equation, and it has been found that the velocity of the particle is a
constant. This remarkable claim should be reconfirmed in Lagrangian-Hamiltonian for-
mulation. Especially, because any reliable quantization procedures of a classical mechanics
theory rely upon the theory’s Lagrangian-Hamiltonian formulation, it is a basic task to
3
determine the system’s canonical momenta and the Hamiltonian. To SRcR, the particle’s
canonical momenta and Hamiltonian are unusual and somewhat subtle, which have to be
derived. Furthermore, the Noether’s charges in SRcR, which are the quantities in physics,
should also be derived in this formulation. For all these purposes, a systematic and careful
study on the Lagrangian-Hamiltonian formulation for SRcR is necessary.
Eq.(2) shows the Lagrangian of free particle in SRc (i.e., ordinary Einstein’s special
relativity) is time- and coordinate-independent (or xi are cyclic coordinates) . So, both
Hamiltonian and canonical momenta are motion of constants. Furthermore, the most gen-
eral space-time transformation preserving ηµν in SRc is simply the Poincare´ transformation
group (or inhomogeneous Lorentz group) ISO(1,3). Therefore conserved Noether charges
are just its Hamiltonian, canonic momenta, the angular momenta (and plus 3 Lorentz boost
charges). All of these are well known. To SRcR, however, the situation is much more compli-
cated than in SRc. Because the Beltrami metric is time- and coordinate-dependent, we face
a mechanical system with time-dependent Hamiltonian and without any cyclic coordinates.
The space-time transformation preserving Beltrami metric is a sort of de-Sitter transfor-
mation. In this case, a careful enough revisiting to the classical mechanics with time- and
coordinate-dependent Lagrangian is necessary for getting convincible conclusions. It will be
found out that the Hamiltonian (or canonical energy), canonical momenta are different from
the conserved Noether charges corresponding the external space-time symmetry of SRcR.
The latter are energy and momenta in physics, and the former are the canonical quantities
which are also useful for mechanics, especially for the quantization of the system.
Following SRc, in the framework of SRcR, the wave equation of relativistical quantum
mechanics is derived in this paper by means of the standard canonic quantization procedure:
1) The Hamiltonian mechanics leads to quantum canonic equations, then Hamiltonian op-
erator Hˆ and canonical momentum operators πˆi are defined; 2) By the mechanics again, the
dispersion relation between Hˆ and πˆi is obtained, and hence the we achieve the wave equa-
tion for the SRcR quantum mechanics. Due to existence of xiπˆi-terms in the time-dependent
Hamiltonian Hˆ , the operator ordering has to be taken care. In our quantization scheme a
generalized Weyl ordering is taken, in which the external space-time symmetry of SRcR is
preserved. This indicates that SRcR is consistent with the principle of quantum mechanics.
The contents of this paper are organized as follows: In section II, we show explicitly that
the Euler-Lagrangian equations are equivalent to the geodesic equations for generic metric
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gµν . In section III, we construct the Lagrangian for SRcR by means of the Beltrami metrics,
and solve the equation of motions of free particle. The Hamiltonian and the canonical mo-
menta are also derived. Section IV is devoted to calculate the Noether charges corresponding
to external space-time symmetry of SRcR. In Section V we discuss the quantization of the
system. Finally, we summarize our results briefly. In the Appendix, we show how to derive
space-time transformation to preserve Beltrami metric following refs.[1][2].
II. EQUATION OF MOTION FOR FREE PARTICLE IN THE SPACE-TIME
WITH METRIC gµν(x)
The motion of a free material particle is determined in the special theories of relativity
from the principle of least action,
δS ≡ δ
∫
L(t, xi, x˙i)dt = −m0cδ
∫
ds = 0, (6)
where S is the action integral, ds =
√
gµνdxµdxν is the the space-time interval. gµν = ηµν
for SRc, but for SRcR, gµν should be Beltrami metric. Generally, from eq.(6), we have
L(t, xµ, x˙µ) = −m0cds
dt
= −m0c
√
gµν
dxµ
dt
dxν
dt
, (7)
Variating the action with respect to xµ we get 4-dimensional Euler-Lagrangian equation
where variables x0 and x˙0 emerge as independent variables:
∂L
∂xλ
− d
dt
∂L
∂x˙λ
= 0 (8)
where t serves as a parameter rather than the physical coordinate time, x˙λ = dx
λ
dt
and λ runs
over all the space-time indices including λ = 0. Obviously, they are equations of motion,
but not the standard Euler-Lagrangian equations in the Hamiltonian formulism of mechanics
because here t is independent of x0. At this stage, therefore, we can not derive the canonical
momentum and Hamiltonian by means of L, xi and x˙i. If we choose the parameter t such
that
ds = cdt (9)
and substitute eqs.(7) into eqs.(8), we get the standard geodesic equation :
gλµ
d2xµ
ds2
+ Γλ, µν
dxµ
ds
dxν
ds
= 0, (10)
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where
Γλ, µν = gλρΓ
ρ
µν =
1
2
(∂µgλν + ∂νgλµ − ∂λgµν). (11)
In order to derive the equations of motion in the Hamiltonian framework, we have to fix
the parameter
t = x0/c or x0 = ct, (12)
and write
S =
∫
L(xi, x˙i, t)dt. (13)
From eq.(7), it is obvious that
L(xi, x˙i, t) = −m0c2
√
g00(xi, t) + 2g0j(xi, t)
1
c
x˙j + gjk(xi, t)
1
c2
x˙j x˙k (14)
where i only runs over the space indices. Then, variating the action with respect to both xi
and t, we have the desired Euler-Lagrangian equations as follows
∂L
∂xi
=
d
dt
∂L
∂x˙i
, (15)
d
dt
[
L− ∂L
∂x˙i
x˙i
]
=
∂L
∂t
. (16)
These equations are the equations of motion in the time-dependent Lagrangian-Hamiltonian
framework, and the corresponding Lagrangian can be used to deduce the momentum and
energies of the system. It is easy to check that under x0 = ct, Eqs.(15) (16) are consistent
with 4-dimensional Euler-Lagrangian equation (8)(or the geodesic equation (10)).
The equivalence of the two sets of equations comes from the fact that the original action
has a reparametrization symmetry of t and so the space and time coordinates are mixed
together. That’s to say,
L =
∂L
∂x˙λ
x˙λ, λ runs over all the space and time indices (17)
which states that L is homogeneous of degree 1 as a function of x˙λ. It’s a special property of
eq.(7) but also a general requirement for the action to have are parametrization symmetry of
t before x0 is set to be ct. From this we know that the above discussion for the equivalence
of two sets of Euler Lagrangian equations does not apply to the general hamiltonian system
but a special nice relation for the free particle moving in the space and time described by
theories of special relativity.
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III. LAGRANGIAN, CANONIC MOMENTUM AND HAMILTONIAN OF FREE
PARTICLE IN THE DE-SITTER INVARIANT SPECIAL RELATIVITY
According to the discussions in previous sections, similar to Lc (see eq.(3)), the La-
grangian for free particle in SRcR is
LcR = −m0cds
dt
= −m0c
√
Bµν(x)dxµdxν
dt
= −m0c
√
Bµν(x)x˙µx˙ν , (18)
where x˙µ = d
dt
xµ, Bµν(x) is Beltrami metric[1–4]:
Bµν(x) =
ηµν
σ(x)
+
1
R2σ(x)2
ηµληνρx
λxρ, with σ(x) ≡ 1− 1
R2
ηµνx
µxν , (19)
where the constant R is the radius of the pseudo-sphere in dS-space, and it can be related
to cosmological constant via R =
√
3/Λ[3][4]. Seting up the time t = x0/c, Bµν(x) can be
rewritten as follows
ds2 = Bµν(x)dx
µdxν = g˜00d(ct)
2 + g˜ij
[
(dxi +N id(ct))(dxj +N jd(ct))
]
(20)
= c2(dt)2
[
g˜00 + g˜ij(
1
c
x˙i +N i)(
1
c
x˙j +N j)
]
,
where
g˜00 =
R2
σ(x)(R2 − c2t2) , (21)
g˜ij =
ηij
σ(x)
+
1
R2σ(x)2
ηilηjmx
lxm, (22)
N i =
ctxi
R2 − c2t2 . (23)
Substituting eqs.(19)–(23) into (18), we obtain the Lagrangian for free particle in SRcR:
LcR = −m0c2
√
g˜00 + g˜ij(
1
c
x˙i +N i)(
1
c
x˙j +N j). (24)
By means of the explicit expressions of eqs.(21)–(24) and doing straightforward calculations,
we can prove the following equation:
∂LcR
∂xi
=
∂2LcR
∂t∂x˙i
+
∂2LcR
∂xj∂x˙i
x˙j . (25)
Substituting eq.(24) into the Euler-Lagrangian equation (15) and using identity (25), we
have
∂2LcR
∂x˙i∂x˙j
x¨j = − m
4
0c
6R4
L3cRR
6c2σ3(x)
Mij x¨
j = 0. (26)
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where Mij is a matrix that satisfies det [Mij ] 6= 0. We conclude
x¨j = 0, x˙j = constant (27)
This result indicates that the free particle in the Beltrami space-time B ≡ {xµ, gµν(x) =
Bµν(x)} moves along straight line and with constant coordinate velocities. Namely the
inertial motion law for free particles holds true in the space-time B, and hence the inertial
reference frame can be set in B. Thus, by means of solving Euler-Lagrangian equations in
the Lagrangian-Hamiltonian formulation, we have reconfirmed the claim in refs.[1][2] on the
velocity of motion of free-particles based on solving geodesic equation originally.
As an essential advantage in the Lagrangian-Hamiltonian formulation over other for-
mulism, both canonical momentum πi conjugating to the Beltrami-coordinate x
i and canon-
ical energy HcR (or Hamiltonian ) conjugating to the Beltrami-time t for free particles in
the inertial reference frame can be determined rationally by the mechanism principle. By
the eq.(24), the canonical momentum and the canonical energy (or Hamiltonian) reads
πi =
∂LcR
∂x˙i
= −m0σ(x)ΓBiµx˙µ (28)
HcR =
3∑
i=1
∂LcR
∂x˙i
x˙i − LcR = m0cσ(x)ΓB0µx˙µ. (29)
where
Γ−1= σ(x)
ds
cdt
=
1
R
√
(R2 − ηijxixj)(1 + ηijx˙
ix˙j
c2
) + 2tηijxix˙j − ηij x˙ix˙jt2 + (ηijx
ix˙j)2
c2
. (30)
Under the equation of motion Eq.(27), we have the following relation
Γ˙|x¨i=0 = 0, (31)
whose corresponding one in SRc is
γ˙|x¨i=0 ≡ d
dt
(
1√
1− v2/c2
)∣∣∣∣∣
v=constant
= 0. (32)
It is easy to check that
lim
R→∞
Γ = lim
xi→0
Γ = γ ≡ 1√
1− v2
c2
. (33)
And, in the R→∞ limit, πi and HcR go back to the standard Einstein Special Relativity’s
expressions:
πi|R→∞ = m0vi√
1− v2
c2
, HcR|R→∞ = m0c
2√
1− v2
c2
. (34)
8
where vi = −ηij x˙j . Furthermore, at the original point of space-time coordinates t = xi = 0,
but R =finite, we have also expressions like (34):
πi|t=xi=0 = m0vi√
1− v2
c2
, HcR|t=xi=0 = m0c
2√
1− v2
c2
. (35)
In the Table I, we listed some results of Lagrange formulism both in the ordinary special
relativity SRc and in the de Sitter invariant special relativity SRcR. Comparing the results
in SRcR with ones in well known SRc, we learned that as an extending theory of SRc, SRcR
can simply be formulated by a variable alternating in SRc: 1) ηµν ⇒ Bµν ; 2) γ ⇒ σΓ. This
is a natural and nice feature for the Lagrangian formulism of SRcR.
TABLE I: Metric, Lagrangian, equation of motions, canonic momenta, and Hamiltonian in the spe-
cial relativity, SRc, and in the de Sitter special relativity, SRcR. The quantities γ−1 =
√
1 +
ηij x˙ix˙j
c2
and Γ−1= 1R
√
(R2 − ηijxixj)(1 + ηij x˙
ix˙j
c2
) + 2tηijxix˙j − ηij x˙ix˙jt2 + (ηijx
ix˙j)2
c2
(see eq.(30)).
SRc SRcR
space-time metric ηµν Bµν(x), (Eq.(19))
Lagrangian Lc = −m0c2γ−1 LcR = −m0c2σ−1Γ−1
equation of motion vi = x˙i =constant, ( or γ˙ = 0) vi = x˙i =constant, ( or Γ˙ = 0)
canonic momenta pii = −m0γηiµx˙µ pii = −m0σΓBiµx˙µ
Hamiltonian Hc = m0cγη0µx˙
µ HcR = m0cσΓB0µx˙
µ
Combining Eq.(28) with Eq.(29), the covariant 4-momentum in B is:
πµ ≡ (π0, πi) = (−HcR
c
, πi) = −m0σΓBµν x˙ν = −m0cBµν dx
ν
ds
, (36)
and
Bµνπµπν = m
2
0c
2. (37)
From eqs.(24) (28) (29) (37), we have
HcR =
√
g˜00
√
m20c
4 − c2g˜ijπiπj − cπiN i, (38)
where g˜00, N
i have been shown in eqs.(21) (23), and g˜ij = σ(x)(ηij − xixj
R2−c2t2
) from eq.(22).
It is straightforward to to get the following canonical equations
x˙i = ∂HcR
∂pii
= {HcR, xi}PB
π˙i = −∂HcR∂xi = {HcR, πi}PB.
(39)
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where the Poisson bracket
{xi, πj}PB = δij, {xi, xj}PB = 0, {πi, πj}PB = 0 (40)
are as usual. It is also straightforward to check x˙i = constant by eq.(39).
Finally, we would like to mention that generally, the canonical momenta πi and the
Hamiltonian HcR are not the physical momentum and the energy of the particle respectively.
IV. SPACE-TIME SYMMETRY OF THE DE-SITTER INVARIANT SPECIAL
RELATIVITY AND THE NOETHER CHARGES
The space time transformations preserving the Beltrami metric were discovered about 30
years ago by Lu, Zhou and Guo (LZG)[1][2](see also Appendix). When we transform from
one initial Beltrami frame xµ to another Beltrami frame x˜µ, and when the origin of the new
frame is aµ in the original frame, the transformations between them with 10 parameters is
as follows
xµ −−→LZG x˜µ = ±σ(a)1/2σ(a, x)−1(xν − aν)Dµν , (41)
Dµν = L
µ
ν +R
−2ηνρa
ρaλ(σ(a) + σ1/2(a))−1Lµλ,
L : = (Lµν ) ∈ SO(1, 3),
σ(x) = 1− 1
R2
ηµνx
µxν ,
σ(a, x) = 1− 1
R2
ηµνa
µxν .
It will be called as LZG-transformation hereafter, and we prove it in the Appendix by
means of the method in [2]. Under LZG-transformation, the Bµν(x) and the action of SRcR
transfer respectively as follows
Bµν(x) −−→LZG B˜µν(x˜) = ∂x
λ
∂x˜µ
∂xρ
∂x˜ν
Bλρ(x) = Bµν(x˜), (42)
ScR ≡
∫
dtLcR(t) = −m0c
∫
dt
√
Bµν(x)dxµdxν
dt
−−−→LZG S˜cR = ScR. (43)
By the mechanics principle, this action invariance indicates that there are 10 conserved
Noether charges in SRcR like the SRc case. For SRc the Noether charges are(e.g., see
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pp581-586 and Part 9 in ref.[9]):
Noether charges for Lorentz boost : Kic = m0γc(x
i − tx˙i)
Charges for space− transitions (momenta) : P ic = m0γx˙i,
Charge for time− transition (energy) : Ec = m0c2γ
Charges for rotations in space (angularmomenta) : Lic = ǫ
i
jkx
jP k.
(44)
Here γ = 1√
1− v
2
c2
. Note the Noether charges here are the same as the corresponding canon-
ical quantities, because the Lagrangian for SRc is time-independent and all the coordinates
are cyclic. While in SRcR there is no cyclic coordinates and the Lagrangian is space-time
dependent.
When space rotations were neglected temporarily for simplify, the LZG-transformation
both due to a Lorentz-like boost and a space-transition in the x1 direction with parameters
β = x˙1/c and a1 respectively and due to a time transition with parameter a0 can be explicitly
written as follows:
t→ t˜ =
√
σ(a)
cσ(a,x)
γ
[
ct− βx1 − a0 + βa1 + a0−βa1
R2
a0ct−a1x1−(a0)2+(a1)2
σ(a)+
√
σ(a)
]
x1 → x˜1 =
√
σ(a)
σ(a,x)
γ
[
x1 − βct+ βa0 − a1 + a1−βa0
R2
a0ct−a1x1−(a0)2+(a1)2
σ(a)+
√
σ(a)
]
x2 → x˜2 =
√
σ(a)
σ(a,x)
x2
x3 → x˜3 =
√
σ(a)
σ(a,x)
x3
(45)
It is easy to check when R → ∞ the above transformation goes back to Poincare´ transfor-
mation. Notice that in the LZG-transformation there are 3 boost parameters βi = x˙
i
c
= v
i
c
,
4 spacetime transition parameters (a0, a1, a2, a3) and 3 rotation parameters θi = 0. Here
(a0, a1, a2, a3) is the origin of the resulting Beltrami initial frame in the original Beltrami
frame.
In terms of the standard procedure (e.g.,see ref.[9] pp.581-586 ), the Noether charges
corresponding to the LZG transformation (eq.(41)) invariance can be derived :
1. Space transitions:
xµ → x˜µ = xµ + ηijaixj
R2
xµ − aiδµi
Gia = −piµx
µ
R2
xi+ηijπj = m0Γx˙
i.
(46)
2. Time transition charge:
xµ → x˜µ = xµ + ctxµ
R2
a0 − a0δµ0
Ga0 = x
0 piµx
µ
R2
− η0µπµ = m0cΓ.
(47)
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3. Lorentz boost charges:
xµ → x˜µ = (γ(ct− βx1), γ(x1 − βct), x2, x3)
Giβ = −xiπ0 − x0πi = m0cΓ(xi − tx˙i).
(48)
4. Rotation charges:
xµ → x˜µ = (ct, x1 + θx2, x2 − θx1, x3)
Giω = −m0Γǫijkxjx˙k.
(49)
Some remarks are in order:
1. Since a free particle which moves with a constant speed x¨i = 0, we have already proved
(see (31))
d
dt
Γ = 0. (50)
By using (50), we can check that those charges derived above are indeed conservative:
d
dt
Gλ|λ=a0,ai,βi,ωi = 0. (51)
2. In the limit that R→∞ the Noether charges in SRcR are the same as those in SRc,
see eq.(44)
3. The mechanical (or physical) momenta and energy in the Lagrangian-Hamiltonian
formalism are defined as the Noether charges corresponding to the space transitions,
therefore the particle’s momenta and energy in SRcR read
picR ≡ Gia = m0Γx˙i (52)
EcR ≡ cp0cR = cGa0 = m0c2Γ. (53)
which are conservative quantities. We address that distinguishing from the SRc,
in SRcR the physical momentum pi of the particle is different from its canonical
momentum πi. The former is conservative and the latter is space-time-dependent.
Combining eq.(52) with (53), we have the 4-momentum in SRcR as follows
pµcR ≡ {p0cR, picR} = m0Γx˙µ =
m0c
σ(x)
dxµ
ds
= − 1
σ(x)
Bµνπν , (54)
which is consistent with energy-momentum definition in ref.[2].
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4. In general the boost Noether charges for SRcR are
KicR ≡ Giβ = xip0cR + x0picR = m0cΓ(xi − tx˙i). (55)
While the the angular momentum are
LicR ≡ Giω = −m0Γǫijkxjx˙k. (56)
From eq.(54) we have the dispersion relation
σ2(x)Bµνp
µ
cRp
ν
cR = m
2
0c
2, (57)
And we can rewrite it using the Noether charges
E2cR = m
2
0c
2 + p2cR +
c2
R2
(L2cR −K2cR). (58)
Here EcR,pcR,LcR,KcR are conserved physical energy, momentum, angular-
momentum and boost charges respectively.
V. QUANTUM MECHANICS FOR ONE PARTICLE IN SRcR
Lagrangian-Hamiltonian formulation of mechanics is the foundation of quantization.
When the classical Poisson brackets in canonical equations for canonical coordinates and
canonical momentum become operator’s commutators, i.e., {x, π}PB ⇒ 1i~[x, πˆ], the clas-
sical mechanics will be quantized. In this way, for instance, the ordinary relativistic (i.e.,
SRc) one-particle quantum equations have been derived. To the particle with spin-0, that
is just the well known Klein-Gordon equation. In the canonic quantization formulism for
SRcR, the canonic variable operators are xi, πˆi with i = 1, 2, 3, and due to eq.(40) the basic
commutators for the free particle quantization theory of SRcR are the same as usual, i.e.,
[xi, πˆj] = i~δ
i
j , [πˆi, πˆj ] = 0, [xi, xj ] = 0. (59)
The Hamiltonian operator HˆcR ≡ −cπˆ0 represents the generator of time evolution, i.e.,
[t, HˆcR] = −i~ , or [x0, πˆ0] = i~ . (60)
Since the time evolution is independent of the space coordinate displacements whose gener-
ators are πˆi, we always have
[HˆcR, πˆi] = 0 , or [πˆ0, πˆi] = 0 , (61)
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which is independent of the dynamics ( or the dispersion relation)[10]. Combining eqs. (59),
(60) and (61), we have (hereafter the hat notations for operators are removed):
[xµ, πν ] = i~δ
µ
ν , (62)
[xµ, xν ] = 0,
[πµ, πν ] = 0.
The general solution of eq.(62) is
πµ = −i~∂µ + (∂µG(t, x)), (63)
where G(t, x) is a function of t and xi. Now, the dynamical Hamiltonian HcR ≡ −cπ0 is
(πx)-product term dependent (see eq.(38)), and the ordering of xi and πi has to be taken
care. Generally, the most symmetrical ordering (i.e., Weyl ordering) is favored for realistic
quantization scheme. To SRcR, we prefer the quantization scheme that protects the de
Sitter symmetry SO(1, 4). This requirement will lead to fix the function G(t, x) in eq.(63).
By this consideration, we take[11]
πµ = −i~D´µ = −i~(∂µ + Γµ
2
) = −i~B− 14∂µB 14 , (64)
where B = det(Bµν), Γµ = Γ
ν
µν . Eq.(64) indicates G(t, x) = −i~ log(B
1
4 ). In contrast with
the ordinary quantization discussions to the theories in curved space only[11], our treatment
presented here is suitable for the theories in generic curved space-time, in which the 4-
dimensional metric is time- and space-dependent. The classical dispersion relation (37) can
be rewritten as symmetric version B−
1
4πµB
1
4BµνB
1
4πνB
−
1
4 = m20c
2, and then the SRcR-one
particle wave equation reads
B−
1
4πµB
1
4BµνB
1
4πνB
−
1
4φ(x, t) = m20c
2φ(x, t) , (65)
where φ(x, t) is the particle’s wave function. Substituting (64) into (65), we have
1√
B
∂µ(B
µν
√
B∂ν)φ+
m20c
2
~2
φ = 0, (66)
which is just the Klein-Gordon equation in curved space-time with Beltrami metric Bµν ,
and its explicit form is
(ηµν − x
µxν
R2
)∂µ∂νφ− 2x
µ
R2
∂µφ+
m20c
2
~2σ(x)
φ = 0, (67)
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which is the desired SRcR-quantum mechanics equation for free particle.
Substituting (64) into (54), we obtain the physical momentum and energy operators
(noting the subscripts cR for pµcR, L
µν
cR in (54) will be moved hereafter):
pµ = i~[(ηµν − x
µxν
R2
)∂ν +
5xµ
2R2
]. (68)
pµ together with operator Lµν = xµpν − xνpµ form a algebra as follows
[pµ, pν ] =
1
R2
Lµν (69)
[Lµν , pρ] = ηνρpµ − ηµρpν
[Lµν , Lρσ] = ηνρLµσ − ηνσLµρ + ηµσLνρ − ηµρLνσ
which is just the de-Sitter algebra SO(1,4). This fact means that the quantization scheme
presented in this paper preserves the external space-time symmetry of SRcR.
VI. SUMMERY AND DISCUSSIONS
In this paper, we have provided a systemic study to the de Sitter invariant special relativ-
ity with Beltrami metric in terms of the Lagrangian-Hamiltonian formulism. In this theory
there are two universal parameters c and R, and it was denoted as SRcR. Distinguishing
from the Minkowski metric ηµν , the Beltrami metric is space-time dependent. Therefore
the principle of least action for space-time dependent Lagrangian is reexamined in order
to be sure the Lagrangian equation is consistent with the geodesic equation in Beltrami
space-time B. Following standard procedure in the ordinary special relativity and by means
of the Beltrami metric we construct the Lagrangian LcR(t,x, x˙) for SRcR. The inertial law
has been reconfirmed in SRcR by means of solving its equation of motion in the Lagrangian-
Hamiltonian formulism, which leads to well defined inertial coordinate reference frame in
Beltrami space-time B. The canonic momenta and canonic energy (or Hamiltonian) are
derived. It is found that both of them are space-time dependent, which is due to that there
are no cyclic coordinates in LcR and the LcR is time dependent. The canonic equations and
the corresponding Poisson bracket expressions are obtained. The canonic formulation is use-
ful for quantization of the mechanics in SRcR. The de Sitter transformation in space-time
B (i.e., LZG-transformation) has been used to derive the Noether charges of SRcR. Ten
conservative charges are obtained. They are: 3 boost charges, 4 momentum-energy charges
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and 3 angular momentum charges. In this way and by the symmetry principle, the physical
momenta, the physical energy and the physical angular momenta in SRcR are determined in
the Lagrangian-Hamiltonian formulism. It has been found that the Hamiltonian is not equal
to the energy, and the canonical momentum is also different from the physical momentum,
i.e., H 6= E and −→π 6= −→p . This is a significant property for SRcR. When R→∞, all results
of the de Sitter invariant special relativity goes back to the ordinary special relativity.
By means of the canonic formulation, the quantum mechanics of SRcR is achieved. The
one particle quantum equation is just the Klein-Gordon equation in curved space-time with
Beltrami metric Bµν . The quantization scheme with proper (π − x)-ordering preserves the
external space-time symmetry of SRcR. When R → ∞ or x → 0, the theory goes back
to ordinary one particle quantum equation of the Einstein’s special relativity, i.e., the
ordinary Klein-Gordon equation in flat space-time. A further discussion on the solutions of
the equation of SRcR-quantum mechanics would be interesting, which, however, is left to
be in our coming works.
Physically, since R in the SRcR could be a very large distance parameter, say the ”radius
of universe horizon”, the existing experiments can not justify or rule out SRcR. Therefore,
how to design experiments to detect the effects of the de Sitter invariant special relativity
would be remarkable. We speculate that careful studies on the solutions of SRcR-quantum
mechanics may bring us ideas for this aim. For instance, the master equation for the photons
emitted from very far away star should be the equation of SRcR-quantum mechanics eq.(67)
with m0 = 0 instead of the ordinary KG-equation of SRc, because the distance |x| ∼ R.
This difference may lead to reveal some effects to distinguish SRcR from SRc.
Finally, we would like to briefly mention the Double Special Relativity (DSR)[12] in
comparison with SRcR. DSR is an interesting theory, and is another modified special rela-
tivity with also two universal constants: c and Planck length lP ≡
√
~GN/c3 (or a length
l = ~/(κc) near lP , where κ ∼ mP ≡
√
~c/GN ). Obviously, the length parameter of DSR
is drastically smaller than one of SRcR: lP/R ∼ 10−120. This indicates that the physics
discussed in DSR is very different from one in SRcR: DSR is inspired by quantum gravity
and by a space-time quantization treatment for over the ultraviolet tragedy in quantum field
theory[13], while SRcR is motived by naturally extending the space-time and the dynam-
ics theory of Einstein’s special relativity SRc, and the corresponding remarkable physics is
related to the cosmology, say the propagation of photons emitted from far away stars with
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distance |x| ∼ R. In other words, like SRc, SRcR preserves a specific space-time metric
(i.e., Bµν) and the inertial frames are well defined. And then like SRc further, SRcR has
well defined Lagrangian-Hamiltonian formulation too. Consequently, a consistent quantum
mechanics of SRcR exists and can be derived by means of the standard quantization proce-
dures relied on the first principle of quantum theory. However, the models of DSR are all
different from SRcR in these aspects. Basically, DSR theories can be understood as particu-
lar realizations of deformed κ− Poincare´ algebra in momentum spaces[14], or of a de Sitter
geometry in momentum space[15]. Due to this structure, the space coordinates in DSR are
non-commutative, i.e., [xˆµ, xˆν ] 6= 0, (which is in conflict with the principle requirement of
quantum mechanics (see eqs.(59) (62))), and hence there are no any Lagrangian-Hamiltonian
formulations for DSR yet, which can be constructed consistently. If the length scale for both
DSR and SRcR were denoted as R, then DSR is a theory for |x| > R(≡ lP ), and SRcR is
for |x| < R(≡ R) (see eq.(A11). Therefore, there is no overlapping part for DSR and SRcR,
and the theory structures of two theories must be independent each other.
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APPENDIX A: SPACE-TIME TRANSFORMATION TO PRESERVE BEL-
TRAMI METRIC
Now we prove that under the LZG space-time transformation eq.(41) in the text the Beltrami
metric is invariant.
We define the field Dλ(m,n) to be all m× n matrix X such that
I − λXJX ′ > 0 (A1)
Here, I is the m ×m identity matrix, J= diag[1,-1,...,-1] is n × n matrix, λ = 1/R2 6= 0 is a real
number. A real matrix A > 0 means that A is positive definite. Let A, B, C, D be m×m, n×m,
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m× n, n× n matrices respectively, satisfyingA C
B D
I 0
0 −λJ
A C
B D
′ =
I 0
0 −λJ
 (A2)
write out the entries we get
AA′ − λCJC ′ = I, AB′ = λCJD′, BB′ − λDJD′ = −λJ (A3)
Eqs.(A2) is also equivalent toA C
B D
I 0
0 −λJ
A C
B D
′I 0
0 −λ−1J
 =
I 0
0 I

⇔
I 0
0 −λJ
A C
B D
′I 0
0 −λ−1J
A C
B D
 =
I 0
0 I

⇔
A C
B D
′I 0
0 −λ−1J
A C
B D
 =
I 0
0 −λ−1J

⇔
A C
B D
′λI 0
0 −J
A C
B D
 =
λI 0
0 −J

write out the entries we get
λA′A−B′JB = λI, λA′C = B′JD, λC ′C −D′JD = −J (A4)
Therefore, (A3) and (A4) are equivalent. Observe that (A1) can be written as
(
I X
)I 0
0 −λJ
 I
X ′
 > 0 (A5)
we use (A2) and get
(
I X
)A C
B D
I 0
0 −λJ
A C
B D
′ I
X ′
 > 0
⇔ (A+XB)
(
I Y
)I 0
0 −λJ
 I
Y ′
 (A+XB)′ > 0
⇔
(
I Y
)I 0
0 −λJ
 I
Y ′
 > 0
here
Y = (A+XB)−1(C +XD) (A6)
18
Therefore the transformation (A6) maps Dλ(m,n) to itself and is an automorphism. We can define
a metric on Dλ(m,n)
ds2 = tr
{
(I − λXJX ′)−1dX(J − λX ′X)−1dX ′} (A7)
We claim that this metric is invariant under the transformation (A6)
Proof : Note that from the above discussion we have
(I − λXJX ′) = (A+XB)(I − λY JY ′)(A+XB)′ (A8)
since X = (AY − C)(D −BY )−1, we also have
J − λY ′Y
=
(
Y ′ −I
)−λI 0
0 J
 Y
−I

=
(
Y ′ −I
)A C
B D
′−λI 0
0 J
A C
B D
 Y
−I

= (D −BY )′
(
X ′ −I
)−λI 0
0 J
X
−I
 (D −BY )
= (D −BY )′(J − λX ′X)(D −BY )
dY = d((A+XB)−1(C +XD))
=
[−(A+XB)−1d(A+XB)(A+XB)−1(C +XD) + (A+XB)−1d(C +XD)]
=
[−(A+XB)−1dXBY + (A+XB)−1dXD]
= (A+XB)−1dX(D −BY )
dY ′ = d((A+XB)−1(C +XD))′ = (D −BY )′dX ′(A+XB)′−1
hence
tr
{
(I − λY JY ′)−1dY (J − λY ′Y )−1dY ′}
= tr{(A+XB)′(I − λXJX ′)−1(A+XB)(A+XB)−1dX(D −BY )
(D −BY )−1(J − λX ′X)−1(D −BY )′−1(D −BY )′dX ′(A+XB)′−1}
= tr
{
(I − λXJX ′)−1dX(J − λX ′X)−1dX ′}
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which states that the metric (A7) is invariant under transformation (A6). 
If we let X0 = −CD−1, then
Y = (A+XB)−1(C +XD) = A−1(I +XBA−1)−1(X + CD−1)D
The conditions in (A4) are equivalent to the following
BA−1 = (λCD−1J)′ = λJX ′0
(AA′)−1 = A′−1(A′A− λ−1B′JB)A−1 = (I − λX0JX ′0)
(DJD′)−1 = D′−1JD−1 = D′−1(D′JD − λC ′C)D−1 = J − λX ′0X0
We get the formula
Y = A−1(I − λXJX0)−1(X −X0)D (A9)
where the matrices A, D satisfy
AA′ = (I − λX0JX ′0)−1, DJD′ = (J − λX ′0X0)−1 (A10)
For the special case Dλ(1, 4) in our paper, X = (X
0,X1,X2,X3), Dλ(1, 4) is just
1− ληµνxµxν > 0 (A11)
The metric (A7) now takes the form
ds2 =
dX(J − λX ′X)−1dX ′
1− λXJX ′ = gµνdx
µdxν (A12)
gµν =
ηµν
1− ληλρxλxρ
+
ληµληνρx
λxρ
(1− ληαβxαxβ)2
Comparing eq.(A7) with eq.(19) in the text, we see gµν is just the Beltrami metric, i.e., gµν =
Bµν(x). By our claim, this metric is invariant under the transformation (A9), which now becomes
yµ =
√
1− ληλρaλaρ (x
ν − aν)Dµν
1− ληαβaαxβ (A13)
where we denote X0 = (a
0, a1, a2, a3) and {Dµν } are constants, satisfying
ηλρD
λ
µD
ρ
ν = ηµν +
ληµληνρa
λaρ
1− ληαβaαaβ . (A14)
By using the notations in the text: x˜µ = yµ, σ(x) = 1− ληαβxαxβ, σ(a, x) = 1− ληαβaαxβ, we
rewrite eqs. (A13) (A14) as follows
x˜µ =
√
σ(a)
(xν − aν)Dµν
σ(a, x)
, (A15)
ηλρD
λ
µD
ρ
ν = ηµν +
ληµληνρa
λaρ
σ(a)
. (A16)
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Taking ansatz
Dµν = ±(Lµν +AληνλaλaρLµρ) (A17)
where A is a constant which is determined by the normalization constraint eq.(A16):
A =
1
σ(a) +
√
σ
. (A18)
Substituting eqs.(A16)(A17)(A18) into eq.(A15), we finally obtain
x˜µ = ±
√
σ(a)σ(a, x)−1(xν − aν)(Lµν +R−2
1
σ(a) +
√
σ
ηνρa
ρaλLµλ) (A19)
where λ = R−2 has been used. Eq.(A19) is just eq.(41) in the text.
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